This paper is concerned with the problems of stability and l 2 -gain analysis for 2D (two-dimensional) discrete switched systems with time-varying delays described by the second FM state-space model. Firstly, we introduce the definition of the average dwell time for a 2D discrete switched system, which is an extension of the 'average dwell time' concept of a 1D (one-dimensional) switched system. Secondly, based on the average dwell time approach, delay-dependent sufficient conditions for the existence of the exponential stability for the 2D discrete switched system are derived and l 2 -gain performance for the considered system is also analyzed. All the obtained results are formulated in a set of LMIs (linear matrix inequalities). Finally, a numerical example is given to illustrate the effectiveness of the proposed results.
Introduction
D (Two-dimensional) systems, which are a class of multi-dimensional systems, have received considerable attention over the past few decades due to their wide applications in many areas such as multi-dimensional digital filtering, linear image processing, signal processing, and process control [-]. The D system theory is frequently used as an analysis tool to solve some problems, e.g., iterative learning control [, ] and repetitive process control [, ] . The problems on realization, stability analysis, stabilization, filter design, and so on for D or nD systems have attracted a great deal of interest by many researchers. Xu et al. [, ] investigated the realization of D systems, and the problems of stability and stabilization for these systems were studied extensively in [-]. The observer and filter design problems have also been considered in [-] .
It is known that modeling uncertainties and disturbances are unavoidable in practical systems, and it is important to investigate the problems of H ∞ control and robust stabilization of D systems. Recently, many results on H ∞ control for D systems have been presented in [-] . Because time delays frequently occur in practical systems and are often the source of instability, the H ∞ control problem for a class of D discrete systems with state delays has also been investigated in [, ] .
On the other hand, since switched systems have numerous applications in many fields, such as mechanical systems, automotive industry, switched power converters, this class of http://www.advancesindifferenceequations. 
Problem formulation and preliminaries
Consider the following D discrete switched systems with time-varying delays described by the second FM model: 
where x(i, j) ∈ R n is the state vector, w(i, j) ∈ R q is the noise input which belongs to 
where d  , d  , d  , and d  denote the lower and upper delay bounds along horizontal and vertical directions, respectively. In this paper, it is assumed that the switch occurs only at each sampling point of i or j. The switching sequence can be described as
where (i π , j π ) denotes the π th switching instant. It should be noted that the value of σ (i, j) only depends upon i + j (see the references [, ]).
Remark  If there is only one subsystem in system (), it will degenerate to the following D system:
Therefore, the addressed system () can be viewed as an extension of D time-varying delays systems to switched systems. http://www.advancesindifferenceequations.com/content/2013/1/56
For system (), we consider a finite set of initial conditions, that is, there exist positive integers z  and z  such that
where z  < ∞ and z  < ∞ are positive integers, h ij and v ij are given vectors.
Definition  System () with w(i, j) =  is said to be exponentially stable under the switching signal σ (i, j) if for a given Z ≥ , there exist positive constants c and ξ such that
Remark  From Definition , it is easy to see that when Z is given, i+j=Z x(i, j)  C will be bounded and i+j=D x(i, j)  will tend to be zero exponentially as D goes to infinity, which also means x(i, j) will tend to be zero exponentially.
Definition  [] For any
holds for given N  ≥ , τ a ≥ , then the constant τ a is called the average dwell time and N  is the chatter bound.
Remark  Definition  is an extension of the 'average dwell time' concept in a D switched system, which can be seen in [] . In what follows, based on the extended average dwell time concept, we will investigate the problems of stability and l  -gain analysis for a D discrete switched system with time-varying delays. It should be noted that we have studied the problems of stability analysis and stabilization of delay-free D switched systems using the average dwell time approach in [] . http://www.advancesindifferenceequations.com/content/2013/1/56
Remark  Similar to the D switched system case, Definition  means that if there exists a positive number τ a such that the switching signal σ (i, j) has the average dwell time property, the average time interval between consecutive switching is at least τ a . The average dwell time method is used to restrict the switching number of the switching signal during a time interval such that the stability or other performances of the system can be guaranteed.
Definition  Consider D discrete switched system (). For a given scalar γ > , system () is said to have l  -gain γ under the switching signal σ (i, j) if it satisfies the following conditions: () When w(i, j) = , system () is asymptotically stable; () Under the zero boundary condition, it holds that
where
Remark  It is not difficult to see that Definition  is an extension of the l  -gain performance index in the D case. γ characterizes the disturbance attenuation performance. The smaller γ is, the better performance is.
Definition  Consider D discrete switched system (). For a given scalar γ > , system () is said to have weighted l  -gain γ under the switching signal σ (i, j) if it satisfies the following conditions: () When w(i, j) = , system () is asymptotically stable; () Under the zero boundary condition, it holds that
Remark  Similar to the D switched system case, Definition  means that system () can also have disturbances attenuation properties when it satisfies conditions () and () in Definition .
Lemma  Consider D discrete switched system (). Suppose that there exist a series of C  functions V k : R n → R (k ∈ N ) and two positive scalars λ  and λ  for which the following inequality holds:
if there exists a number  < α <  for which V k (x(i, j)) along with the solution of system () satisfies the inequality
then D discrete switched system () is exponentially stable for every switching signal with the average dwell time scheme
According to Definition , one obtains
Therefore, according to Definition , system () is exponentially stable under the average dwell time scheme (). 
hold, then under the average dwell time scheme
where μ ≥  and satisfies
the system is exponentially stable.
Proof See the Appendix for the detailed proof, it is omitted here.
Remark  In Theorem , we propose a sufficient condition for the existence of exponential stability for the considered D discrete switched system (). It is worth noting that this condition is obtained by using the average dwell time approach.
l 2 -gain performance analysis

Theorem  Consider system (). For given positive constants γ and α < , if there exist positive definite symmetric matrices P
appropriate dimensions, k ∈ N , such that () and the following inequality
hold, then under the average dwell time scheme (), the system is exponentially stable and has weighted l  -gain γ .
Proof It is easy to get that () can be deduced from (), and according to Theorem , we can obtain that system () is exponentially stable. Now we are in a position to consider the l  -gain performance of system () under the zero boundary condition. Following the proof line of Theorem , we get the following relationship for the kth subsystem:
Then by the Schur complement lemma, we can obtain from () and () that
Summing up both sides of () from D - to  with respect to j and  to D - with respect to i and applying the zero boundary condition, one gets
Under the zero initial condition, it holds that
Thus we have
Multiplying the both sides of () by μ -N σ (i,j) (,D) , we get the following inequality:
That is,
It follows that
According to Definition , we obtain that system () is exponentially stable and has weighted l  -gain γ . The proof is completed.
Remark  We would like to stress that the l  -gain performance analysis problem of D discrete switched systems is firstly considered in the paper. Although some results on l  -gain performance analysis of D systems have been obtained in [-], the existing methods proposed in these papers cannot be directly applied to D switched systems. In Theorem , sufficient conditions for the existence of l  -gain performance for system () are derived in terms of a set of LMIs.
Remark  As for the applicability of Theorem , it is easy to see that a larger α and a larger γ will be favorable to the feasibility of matrix inequality (), while a smaller α is more expectable to decrease τ * a , and a smaller γ means the better performance of the system. Thus for the first time, we can chose a smaller α and a smaller γ , and then, by adjusting the values of α and γ , we can find a feasible solution.
Remark  It is noticed that when
, ∀k, l ∈ N and thus a common Lyapunov function exists for all subsystems. Then from () we get
Summing D from  to ∞, we get
Therefore, l  -gain is achieved for switched system () under arbitrary switching. We state the fact in the following corollary.
Corollary  Consider system (). For given positive constants γ and α < , if there exist positive definite symmetric matrices P
k h = P h , P k v = P v , Q k h = Q h , Q k v = Q v , W k h = W h , W k v = W v , R k h = R h , R k v = R v , and matrices N k  = N k  N k  , N k  = N k  N k  , M k  = M k  M k  , M k  = M k  M k  , X k = X k  X k  * X k  >  and Y k = Y k  Y k  * Y k
 >  with appropriate dimensions such that () and ()
hold for k ∈ N, then the D discrete switched system () achieves the l  -gain under arbitrary switching signals.
Numerical example
In this section, we present an example to illustrate the effectiveness of the proposed approach. Consider system () with parameters as follows:
According to Remark , we can firstly take α = . and γ = ., then solving () and () gives rise to the following solution:
and μ = ., then we obtain from () that τ * a = .. Choosing τ a = , some simulation results are shown in Figures -, where the boundary condition of the system is 
Conclusions
This paper has investigated the problems of stability and l  -gain analysis for D discrete switched systems with time-varying delays described by the second FM model. A delaydependent exponential stability criterion is obtained via the average dwell time approach. http://www.advancesindifferenceequations.com/content/2013/1/56
Then some sufficient conditions for the existence of weighted l  -gain for the considered system are derived in terms of LMIs. Finally, an example is also given to illustrate the applicability of the proposed results. Our future work will focus on extending the proposed results to other kinds of D discrete switched systems such as D discrete switched stochastic systems or D discrete switched nonlinear systems.
Then we have
For simplicity, we denote
Now let us discuss the case where w(i, j) = . It follows from () that 
